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LIST OF SYMBOLS USED 
All constants used, with the exception of V^, the terminal 
voltage, and % n , the total power input, are on a per phase basis. All 
quantities pertaining to the rotor are referred to the stator. 
a .... constant expressing per-unit increase in effective stator 
resistance per ten cycle increase of applied frequency. 
bjk ... magnetizing susceptance. 
c .... ratio of effective resistance of outer cage to d-c 
resistance of rotor. 
E .... voltage induced in rotor, referred to stator. 
f .... frequency. 
g^ ... magnetizing conductance. 
I .... line current. 
X^ ... ideal no-load current (mechanical losses equal zero). 
N .... speed, rpra. 
Pg ... power transferred to the rotor. 
?2 ••• power delivered to rotor copper. 
PCU1 • power lost in stator copper. 
pcu? * P w e r lost in rotor copper. 
R-, .. effective stator resistance at test frequency fn. 
R-, .. effective stator resistance at test frequency fg. 
R-j, .. direct-current resistance of stator. 
Rg ... effective rotor resistance. 
R2 .. effective rotor resistance at test frequency f-j_. 
Rg .. effective rotor resistance at test frequency f?. 
Ro^ .. direct-current resistance of rotor. 
R, ... fictitious resistance used in equivalent circuit of 
Figure 12. 
R .. equivalent resistance of motor. 
eq x 
R. ... effective resistance of inner cage. 
EL •.• core loss component of magnetizing impedance. 
R^ ... core loss component of magnetizing impedance when 
connected across the motor terminals. 
R ... effective resistance of outer cage. 
R£ ... fictitious resistance of outer cage as used in equiv-
alent circuit of Figure 12. 
s .... slip. 
V .... applied voltage per phase. 
V ... terminal voltage. 
t 
v .... ratio of inner cage reactance to its effective resistance. 
X 
X„ ... magnetizing reactance, when connected between stator and 
rotor. 
X* • • • magnetising reactrnce, when connected across the motor 
terminals. 
XQ ... reactance of outer cage, due to flux linking it alone. 
XQ .. total reactance of outer cage. 
Y .... total admittance of motor. 
y. ... admittance of in^er cage. 
Y^ ... magnetising admittance. 
YQ ... admittance of outer cage. 
Y0^ .. admittance of outer and inner cages in parallel. 
Zj_ ... stator impedance. 
Z^ ... equivalent impedance of rotor. 
Zf ... auxiliary impedance of motor, defined in equation 34, 
page 32. 
^en •• equivalent impedance of entire machine. 
Z. ... impedance of inner cage. 
Z ... magnetizing impedance, when connected between rotor and 
stator. 
Zl ... magnetizing impedance, when connected across motor 
terminals. 
Z„ ... impedance of the outer cage. 
Q -L '.J 
PERFORMANCE CURVES OF A DOUBLE-CAGE INDUCTION MOTOR 
CHAPTER I 
THE PROBLEM AND REVIEW OF PREVIOUS WORK 
Statement of the problem. It is very desirable to be able to 
predict the operating characteristics of electrical machinery from 
tests which do not require a great amount of power. With most apparatus 
this causes little difficulty, but the double squirrel-cage induction 
motor, with its many variable elements, poses a somewhat greater problem. 
It was the purpose of this study, therefore, (l) to set forth 
several methods of obtaining a current diagram for the double-cage motor 
analogous to the circle diagram for the normal three-phase motor; (2) to 
obtain from the current diagram the desired operating characteristic 
curves; and (3) to compare the results as to the relative merits of the 
various methods used. 
Review of previous work. There is very little work in American 
publications on an actual mathematical analysis of the double cage 
2 
the characteristics is not covered. Behrend, who claimed to have 
originated the circle diagram for the three-phase induction motor, also 
shows a current diagram for the double-cage machine, but plots it point 
by point from the impedance equation rather than by a geometrical con-
struction. 
The AIEE test code treats the double-cage machine very much as 
the ordinary three-phase induction motor, but with a special method of 
finding the rotor and stator reactances. 
Equivalent circuits were published by Steinmetz in 1917, 
Behrend5 in 1921, and T. F. Wall6 in 1923, all differing in some degree. 
These will be discussed at greater length in Chapter II, since the ad-
mittance diagram of some form of equivalent circuit forms the basis for 
the desired current diagram. 
Several forms of current diagrams were published in German peri-
odicals between 1928 and 1932. One of these is given by Punga, who 
used it primarily as an aid in the design of the machine to meet desired 
starting and running conditions.' A discussion and diagram Tims given 
2 B. A. Behrend, The Induction Motor (New York: McGraw-Hill Book 
Company, Inc., 1921), p.120. 
3 
3 
by Baffrey at about the same time. These were cited by Krondl, who 
then stated his intention to develop a simpler—though no less accurate— 
current diagram.^ His method will be utilized later in developing the 
most accurate diagram given herein. 
Two even simpler diagrams were given by Say and Pink in an 
English text. These are based on approximate forms of the equivalent 
circuits.10 
An entirely different approach is that of Orley and Jekelfalussy 
in the Hungarian Elektrotechnika in 1946; it provides a set of charts 
which may be used on any double-cage machine, and which are primarily 
for determining machine constants to fulfill required operating con-
ditions, but which could be used in the reverse manner.il 
All of these methods depend on knowing the values of the con-
stants involved in the equivalent circuit. The only method found for 
obtaining these from test data is given by Hanskarl Voigt and makes 
use of blocked-rotor tests at a number of frequencies.1*' 
Method of approach. First, complete tests to determine the 
ba.sic constants of the machine as prescribed by Voigt were performed. 
These are described in Chapter III. Then current diagrams were drawn 
4 
utilizing several different methods, and the performance curves pre-
dicted, as shown in Chapters IV and V. These predicted values were 
checked against an actual brake test on the machine, and at large 
slips check values were obtained by measuring instantaneous values of 
current and slip during starting and coming up to speed. 
No two references consulted used the same system of symbols. 
The system given in the preface is not identical with any one, but is 
an attempt to give one which agrees so far as possible with accepted 
American notation, with the special symbols required clear as to their 
meaning. 
CHAPTER II 
THE EQUIVALENT CIRCUIT 
Since all methods of predicting character!sties are based on 
some form of equivalent circuit, the various types will be discussed 
first. 
Behrend"s equivalent circuit. The circuit set forth by Behrend 
is based on the leakage flux method of Blondel, rather than the more 
generally used leakage reactances. Since this method is no longer 
used in this country to any appreciable degree, the circuit is not 
reproduced here. 
Steinmetz *s equivalent circuit. Probably the originator of the 
equivalent circuit method of representing the double cage machine was 
Steinmetz, who first suggested this method for the ordinary induction 
o 
motor. In his book of 1917, the circuit is not actually published, 
but the equations used in the development of current and power relation-
ships show that he had in mind a circuit of the form of Figure 1. 
This circuit neglects the reactance due to flux linking the outer cage 
•—w^nn 
Tflhere R^ + jX-̂  - stator impedance. 
6m "+" 3̂ m = m&gnetizing admittance. 
R0 - effective resistance of outer cage. 
R^ - effective recistance of inner cage. 
X^ = Reactance of inner cage due to flux linking 
it alone. 
X, « common reactance of both cages due to mutual flux. 
s - slip. 
FIGURE 1 




e bar itself. This circuit and modifi-
enerally used in the development of the 
it. In the equivalent circuit as set 
eated as a separate motor and the rotor 
mming up the components for each cage. 
l effect between the two cages, which is 
the form of Figure 2, though less for 
This equivalent circuit is shown in 
iagram has been developed from it, with 
assuming zero stator impedance. 
be made to these equivalent circuits, 
n the development of the current diagrams. 
Gage Induction Motor with Sign Starting 
t," Engineering (London), 116:165, 
ink, The Performance and Design of 








C X JX 
°t 
R, 
where R^ 4- jXj - stator impedance. 
g^ 4- jbm =- magnetizing admittance. 
R 4- jXQ »total impedance of outer cage 
CHAPTER III 
DETERMINATION OF THE CONSTANTS OF TliE MACBIEE 
The remainder of this thesis is a report of tests performed on a 
three-phase, double-cage, 7.5 HP induction motor manufactured by the 
Louis Allis Company of Milwaukee, Wisconsin* The nameplate data of this 
machine is given in Table I, page 12, 
Since, as previously stated, the current diagram Is based on the 
equivalent circuit, the initial problem is to determine the values of 
the effective resistances and reactances of the stator and the two 
cages. Were the physical dimensions of the slots and the winding data 
knovm, these could conceivably be calculated. Here, however, it was 
desired to determine these values by actual tests on the machine, to 
provide for the case where the design data is unavailable or where it 
is desired to check actual performance against the original design. 
Separation of resistances of the tyro cages. The method developed 
by Voigt for separating the resistances of the two cages, derivation of 
which is given in Appendix I, pp. 56-59, is based on the Steinmetz 
equivalent circuit shovm in Figure 1. Blocked rotor tests are required 
to be made at a number of frequencies, and the following relationships 
10 
where 
„ <f]A?.)8H2,(Hg» - RP.J - «2,(»2. - "aJ U) 
R2^ flA 2)
2( R2 2 "
 R
2J " <
E2, " E 2J] ' 
V ^ C 
/ * 2 . - *2dc 
VoR2ac- E2. 
(5) 
Ro. =s d-c resistance of rotor. 
R2, = effective resistance of rotor at test frequency fi. 
Rg = effective resistance of rotor at test frequency fg. 
RjL = effective resistance of inner cage. 
R Q = effective resistance of outer cage. 
X^ » reactance of inner cage. 
All rotor values are referred to the stator. 
Determination of rotor direct-current resistance. The above 
relationships require, besides the data obtained from the multiple 
frequency blocked rotor test, the knowledge of the d-c resistance of 
the rotor referred to the stator. This was also found by a method 
2 
developed by Voigt, and utilizes tests performed at very light loads. 
The power input, slip, and line current is measured at no load 
and under very small loads, and a curve plotted of input power less 
11 
In this particular case, the test was performed as prescribed, and 
the data recorded in Table III. The desired curve is plotted in Fiĵ ure 
6, page 16, and from it was obtained: 
&?2 293 1 
A S 0.003 0.00001017 
(7 ) 
From t h e 60-cycle blocked r o t o r t e s t , Table I I and Figure 5 , i t 
was found t h a t 
X ^ = 1.19 ohm 
XTL =» 0 .4 x X e a - 0,476 ohm.
3 (8) 
4 Where V equals phase v o l t a g e , 
E = V - X&! (9) 
o o Q 
= -r=- - 10.3 x 0.476 * 126.5 v o l t s . 
V ^ 
R0 •« ££_. E
2 = 0.00001017 x 126 .5 2 ( l o ) 
2dc ^ p £ 
= 0.163 ohm. 
This resistance must be converted to the seme temperature as 
prevailed during the blocked rotor test. From d-c resistance measure-
ments, the cold stator resistance per phase was 0.144 ohm; after the 
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Separation of effective rotor and stator resistances. The above 
method for separation of the cage resistances requires the knowledge of 
effective rotor resistance; the blocked rotor test gives equivalent 
resistance of rotor and stator in series. The stator d-c resistance is 
easily found, but the ratio of effective to d-c resistance is unknown. 
With the deep rotor slots it is of course impossible to assume as is 
often done that the ratio is the same in both rotor and stator. 
This difficulty was overcome by talcing the data from three 
frequencies of the blocked rotor test, and so adjusting the stator 
effective resistance that the constant "c" calculated from equation 
(4) for two pair of these was the same. 
From the shape of the general curve of effective resistance vs. 
frequency,5 it was assumed that the stator resistance remained constant 
from zero to ten cycles, and then increased linearly with frequency. 
This assumption is expressed by the relation 
%.= Sldcf1 + (?1 ~ 10)*1 (12) 
where "a" is a constant. 
Then, 
R2 = R - Rl - R " Rld[l + (fx - 10 )a] (13) 
18 
60 cycles gives a ratio of 1.2 between effective and d-c resistance. 
The values of "c" from the remaining frequencies were then 
calculated and averaged, giving an average of 3.57. These calculations 
are tabulated in Table V, P&ge 21. 
From the relationships given on page 9, 
RQ = cR2dc= 3.57 x 0.170 = 0.607 ohm (14) 
% = -Jo_ = °lM. « o.236 ohm (16) 
c - 1 2.57 
J***,**** = 3.57V °'361 - °'17° (16) 
c R 2dc" R2i ^3 .57 * 0 , 1 7 ° " 0 * 3 6 1 
= 3.14 
x i = v R i = 3 ' 1 4 x °«236 = 0.741 ohm (17) 
From equat ion (A24), Appendix I , 
xeq = x l + xb * V t " 12
 ( 1 8 ) 
* c + v 
1.19 = 0.476 +• X. + 0.607 % 3.14 hSL _ 
13 3 .57 2 + 3.14^ 
2^ - 0.497 ohm. 
From Table V, R^ = 0.187 ohm. 
£> td 
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24 
es both become zero with no excitation. 
From this plot, friction and windage loss was found to be 50 watts. 
Determination of magnetizing impedance. The magnetizing impedance 
found in the normal manner from a full voltage no-load test. From 
e VI and using the approximate equivalent circuit with the magnetizing 
dance connected across the terminals, 
^ = ^ = vffl^ = 12-8otos (19) 
^ - f t ' 7TSb-°'94ota (20) 
3^ = ̂ /l2.82 - 0.942 = 12.8 ohms (21) 
More accurately, this impedance should be connected between the 
or and rotor, and the stator impedance should be subtracted from 
above values: 
R^ = 0.94 - % = 0.75 ohm (22) 
2^ = 12.8 - X-L = 12.3 ohms (23) 
The above R^ includes the friction and windage loss, while it 
ld represent core loss alone. Subtracting the 50 watt friction 
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DEVELOPMENT OP THE CURRENT DIAGRAM 
In this chapter, three current diagrams mil be developed: one 
using the approximate equivalent circuit of Figure 10; a second using 
the more exact diagram of Figure 9; and the last using the method 
prescribed by the AIEE test code. 
Current diagram developed from approximate equivalent circuit. 
The complete current locus for the approximate equivalent circuit was 
o 
obtained by successive inversions. Referring to the diagram, Figure 
11* coordinate axes were drawn about point 0!, reactances being measured 
horizontally and resistances vertically. The inner cage reactance 
Xj_ (0.741 ohm) -was laid off to the right of 0' and %/s upward from 
the end of X^. This line so drawn forms the locus of the inner cage 
impedance Z^. In a like manner, the outer cage impedance Z0 could be 
drawn. These two loci were then inverted about 01, Z^ giving the circle 
Y^ and ZQ giving the straight line through the origin, Y0. Corresponding 
values (i.e., for equal slip) of Y^ and YQ were then added vectorially, 
giving the combined admittance locus Y -• This was then re-inverted 
about 0 *, and the impedance R^ -+• j (X-̂  + JL^) added by shif ting the origin 
down the distance R^ (0.187 ohm), and to the left Xj_ + X^ (0,973 ohm), 
27 
circuit. The magnetizing admittance was then included by shifting the 
origin to 0, by means of moving down a value g^ (0.0057 mho) and to 
the left b (0,0782 mho). The resulting distances from this origin 
0 to the curve Y represent the total admittance of the equivalent cir-
cuit; when these are multiplied by the phase voltage, the line current 
is obtained. 
For small values of slip, the locus ZQ^ is nearly a straight line; 
thus its inversion is very close to being the arc of a circle. Further-
more, since ZQ± in this range is vertical, the center of this circle lies 
on the horizontal line through 0", and was found geometrically. A slip 
line for this portion of the current diagram was found by e:d;ending ZQ^ 
downward and finding a fictitious point for infinite slip; this point 
was then inverted about 0", giving the point Y1^. From this point Y'oo 
lines were drawn to the center of the circle, to the origin 0" (where 
s = 0), and through the point on Y where s = 0.1. The slip line vms 
then drawn perpendicular to this radius and divided linearly with "s" as 
shown- IVith this device, the slip for any point on the circular part of 
the current locus may be found by drawing a line from the point in 
question to the point Y'^j the intersection of this line with the slip 




O 1^078 xg»• -0057 
2^ 
then 99.52 x 0.187, or 1850 watts; converting this to the current scale 
of the diagram, 1850/131 =14.1 amperes. This distance was laid off in 
the proper place, several other points found and plotted, and the torque 
curve drawn through them. 
The power output is found by multiplying output torque by 1 - s. 
The torque for a number of values of slip was measured, multiplied by 
1 - s, and laid off downward from the current locus. At s « 0.5, torque 
in synchronous watts equals 131 x 27.0; therefore P = (l - 0.5)131 % 27.0 
equals 131 x 13.5; 13.5 amperes is then laid off beneath the current 
locus at s * 0.5. 
The diagram thus produced is read just as the ordinary circle 
diagram for the single cage machine. In this case, the torque line 
and power output line give delivered torque and power, since the windage 
and friction loss is included with the core loss in g^. 
Current diagram developed from exact equivalent circuit. A more 
accurate current diagram may be obtained by using the exact equivalent 
circuit of Figure 9, page 25, according to the method devised by Krondl.^ 
"Exact" is somewhat a misnomer; many assumptions are still present. 
In this method, the rotor equivalent circuit is simplified to the 
30 
S4 - ^ v T E l ) 2 ™ 
Taking the real axis vertically upv/ard and the imaginary axis 
horizontally to the left, equation (25) plotted gives the sum of a 
vertical straight line Rfc/s and a circle vy .̂ i > both with the 
RQ/S + 3 ^ 
parameter "s", displaced from the origin by jX^. This impedance is 
shown in Figure IS. 
For small values of slip, thus for the operating range, jX[ in 
the denominator of equation (25) is small compared to RQ/S, and may be 
neglected. Equation (25) then becomes: 
Z 2 = B l + j(jCb+4) (29) 
s 
Thus, for small slips, the curve from equation (25) may be replaced by a 
straight line (K0 in Figure 13), vrhich is also the asymptote of the curve. 
The circle of curvature for the point s *oo passes very close to 
the point for s = 1; it can with very small error be passed through 
these two points, giving the shape of the curve for large slips as the 
circle j£*«>. At s « oo, from equation (25), Zo = jX^-
Numerically, the values obtained from equations (26) through (28) 






MODIFIED EQUIVALENT CIRCUIT 
(ROTOR) 
Xi - X4RTT^) = °-741(o.607V 0.236) * °-
384 0l™ <3 
The equivalent circuit then has the values as shown in Figure 14. 
The current diagram was developed from this circuit by using 
Z) 
5 
the re la t ionships 
I - I n + J L (So) 
Z* = Ri + j X i ( l +%) + Z 2 ( l +~n)
2 e " j 2 ( X (34) 
where I = line current, 
1^ = ideal no-load current (mechanical losses = 0) 
06 « arc tan _ • * • - (35) 
^m + xl 
T = xi/^a* primary leakage coefficient, (36) 
3L = magnetizing reactance, 
R, = stator effective resistance, 
X^ = stator leakage reactance, 
Z2 = rotor impedance as given by Figure 13, page 31. 
The current diagram was then obtained by first plotting Z as 
35 
and the actual power output determined by drawing a power-delivered line 
parallel to the output line and a distance above it representing phase 
7 
friction and windage loss. 
In preparation for drawing Figure 14, the following values were 
determined from the equivalent circuit and equations (33) through (36): 
TI - & » 2^1 - 0.039 (37) 
Ayn J. 6 . O 
(l+*Tj)Z = (1.0S9)2 = 1.079 (38) 
Rl 0.187 , * 
t a n * * ̂Tl̂  = 1Z.3+ 0.476 = °'°146 ( 3 9 ) 
X-_(l + T ) 2 - 0.384 x 1.079 » 0.414 ohm (40) 
3^(1 +TT)2 = 0.4S7 x 1.079 = 0.536 ohm (41) 
R£(l + T ) 2 - 0.437 x 1.079 = 0.471 ohm. (42) 
1̂ (1 -^Tf)2 = 0.170 x 1.079 * 0.183 ohm (43) 
Xx(l + 17) = 0.476 x 1.039 * 0.495 ohm (44) 
In Figure 14, the circle K0 is the inversion of the straight line 
K0; it corresponds to the circle diagram of a single cage motor with 
rotor impedance as given by equation (29). The circle K is the inver-
sion of the straight line Ka; it corresponds to the diagram for a single 
cage machine with rotor reactance jX^. The circle Koo is the inversion 
of the circle KQQ; it is tangent to the circle K&, and inversion of the 
2 
1.2 
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CURRENT DIAGRAM BASED ON 
EXACT EQUIVALENT CIRCUIT 
35 
9 
AIEE method. The method prescribed by the AIEE Standards uses 
quivalent circuit shown in Figure 15, which is tne same circuit 
for a single cage machine. The constants, however, are found from 
uced frequency blocked-rotor test, preferably at 15 cycles; the 
alent resistance thus obtained is used, and the equivalent reactance 
und by multiplying the loŵ -frequency reactance by tne ratio of the 
l frequency to the test frequency. 
In this manner and using the data of the blocked test of Table IV, 
19, 
Xeq = (fl/r2) Xeqz = C60/^) 0.437 = 1.75 ohm (45) 
Due to the very low frequency of this test, the d-c resistance 
e stator was used as the effective stator resistance. Thus, 
Rg = R - Rldc= °*340 -0-156 = 0.184 ohm (46) 
The ratio of 1.2 between the 60-cycle effective resistance and 
c resistance of the stator was again assumed, giving 
Rl = Rldc x 1'2 = °«156 x i*2 * 0.187 ohm (47) 
The equivalent circuit with constants designated and the circle 
SCALE 
87 jl 75 
.20 
p u l ^ TORQUE.-u^ 
A 
j l 2 .8 - , 
EQUIVALENT C 
FIGURE 15 
CURRENT DIAGRAM BASED 
ON A IEE METHOD 
CHAPTER V 
COMPARISON OF PREDICTED A1ID ACTUAL CHARACTERISTICS 
In order to compare the predicted character!sties mth the actual 
operating performance, tvro methods were used. In the operating range, 
a brake test was performed. To obtain data at high slip, instantaneous 
values of current and speed were measured on starting. These tvro sets 
of data were then compared with the predicted values obtained from the 
three current diagrams. 
Performance in operating; range. The results of the brake test 
are given in Table VII, and the predicted data from each of the current 
diagrams in Tables VIII, IX, and X. Choosing slip as the independent 
variable, since it was felt that it w s one of the more accurately 
measured quantities of the brake test, curves of line current, torque, 
pov/er input, and power output were plotted versus slip from each of the 
three methods. These are shown in Figures 16 through 19, pp. 43-46. 
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CHAPTER VI 
ANALYSIS OF RESULTS OBTAINED 
Comparison of accuracy of methods. Referring to the curves of 
Figures 16 to 19, the method developed by Krondl using the exact equiva-
lent circuit gave the best results, as would be expected. Certainly 
its accuracy is as good as that of the brake test, which gave some 
rather scattered points. 
The epproximate circuit gave results not far from those of the 
exact circuit. It would be sufficient for most uses, but it is question-
able that using it is any less work than using the more accurate exact 
diagram, since the main task is in initially determining the constants, 
There is little difference in the labor involved in plotting the 
diagrams. It will be noted that the results were very good in spite of 
the rather large variation of the constant "c". 
The AIEE method gave surprisingly good results in the operating 
range. It is felt that this is partially coincidence, since with the 
many assumptions involved it is hard to believe that this method would 
i t t l iv h d r e l t At hih li th method fall 
l 
50 
mpted to make all tests at or convert to the same temperature, 
less this is thought to be one of the largest single sources 
rs used were standard laboratory grade instruments, on the 
one-half percent accuracy. It was neccessary to use current 
s with the meters available, and these introduced another 
rror. 
ibilities for further research. It would be desirable to 
identical tests outlined above on other double-cage machines, 
on the several somewhat empirical relationships used, particu-
e AIEE method. 
method outlined above for separation of rotor and stator 
suggests the possibility of applying this same principle to 
duction motors to determine the ratio of effective to d-c 
of each, rather than assuming the ratios equal as is often 
ould be interesting to extend the test performed during 
include -torque and povrer measurements. Power could be 
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APPENDIX I 
DERIVATION OF EQUATIONS USED 
Equation for determination of rotor resistance.1 The power input 
to an induction motor with a small load is found by 
Pi = Pf S 1
 + Pcux
 + Pou2
 + Pf + Pp + Po U D 
where P-r>„ =» stator iron loss lel 
P_„ « stator copper loss cul 
P„,, = rotor copper loss 
u 
P̂> = friction h windage 
P = tooth pulsation loss 
P = power output 
Of this, the portion Pfe, and PCUl will be consumed in the stator and 
the remainder, transferred across the air gap, is 
P2 " Pcu 2
 + *£ + Pp + Po U*) 
Of this, a portion Ph is lost in the iron and P„ - F« - P, is delivered 
to the rotor copper. 
56 
P2 " ^ h ) 2 ^ 
Inserting the expression for rotor current, 
**= i( W s ) * : 7?
 (M) 
equation (A3) becomes, 
Since at small slip Xg is negligible with respect to (R*?**/8) » 
Pi = r,_ ̂  = ft U6) 
R2ac=lf ^ 6) 
In this equation, s/i^ ^s ^ie reciprocal of the slope of the line 
in Figure 22 j any two points on the line will determine this slope. 
Thus to evaluate the rotor resistance, it is neccessary only to measure 
the power input and slip at no load and at a very small load. Several 
points should of course be taken to minimize experimental error. 
Writing equation (A6) in terms of slope, 
Synchronous 
1 r ^ ^ speed 
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equation (A8) becomes: 
Separating into real and imaginary parts, 
,RQ. (1 4- jvs)(c - jvs) 
With t h e r o t o r b locked , s = 1 and equat ion (A14) becomes: 
c^ + v^ »-b
 T ^o c^ •+- v^J 
(A10) 
«»-M * t 3 X l ' )+f t Cm) s VR 0 + % + j ^ s , 
R. / 1 +• j v s \ „ 
= ~ ( 3 — ) + JXb (A12) 
s \ c + j v s / D 
(A13) 
c2 + ( v s )
2 + J X b 
= ̂ X^+i[xb + ̂ -fT^l (AW) 
s ĉ  + (vs)^ L ° + \TS) J 
X. + R0v g "
 1
n\ (A15) 
- R2 + jX2 (A16) 
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c + (f 9/f, )2v
2 
R2, - KG "1 1 7 2̂ 2 ^
A18) 
For frequency f « 0, i.e. direct current, fo/^l = ^' a n d ^ ^ 
direct current resistance of the rotor is 
R2dc = V c U19) 
R«. i s determined from the l i g h t load t e s t as desc r ibed in t he 
f i r s t s e c t i o n of t h i s appendix; so equa t ions (A17), (A18), and (A19) a re 
t h r e e equa t ions i n t h e t h r e e unknovins RQ, c , and v . Simultaneous 
s o l u t i o n of t he se t h r e e equat ions gives 
( f l / f 2 > 2 R 2 > a Z -
 R2dc) - % a j % , - R2dc) , . 
o = j= =p (A20) 
H2*[(fl/f2) (B2* " R2* } " (E2' " ^ J 
From this equation c is calculated and substituted in equation (A19) to 
give the resistance of the outer cage as 
E0 = oR2dc (A21) 
From equation (A9), the resistance of the inner cage is 
R R A D < A 2 2) 
60 
The entire leakage reactance X equals: 
M. 
*eq * Xl + *2 « % + *b + V J ~ ̂> (A24) 
From this expression, X]_ + X^ may be found. This is the required value 
for use in the approximate equivalent circuit of Figure 10, while for 
the more exact circuit of Figure 9 the approximate relationship given 
by the AIE'E that, for a Class B machine, X^ = 0.4 Xea is used. 
5 
Simplification of exact equivalent circuit. The equivalent 
circuit as used in the method developed by Krondl may be simplified to 
the form shown in Figure 12, page 31, which is identical in properties 
C: 
when the values are properly selected. 
The secondary impedance of the circuit of Figure 9 is given by: 
This is a cubic equation; had the self-reactance of the outer 
•7 
cage not been neglected, the corresponding expression would be a fourth 
power equation and considerably more difficult to handle. As is, it may 
be made easier to work with by performing a partial division so that: 
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Multiplying both numerator and denominator by [ ^r-A * 
'2 JAb s Ro-HRi Rp RQ / R0 f
 V ' 
s ^ 4 ^ r J A l l R 0 + R i ) 
This expression i s in the form: 
where 
*> - iSr (AE9) 
E ° = E~ht- (A50) 
#1 = ̂ (^f < A ^ 
The values of Rb, R0, and jX^ may be calculated from equations 
(A29) through (A3l), or may be determined from a simple construction as 
shown in Figure 23. Referring to this Figure, the above equations are 





















DIVERSION OF A VECTOR 
The graphical method of changing from impedance to admittance is 
made use of several times in this thesis, and is accomplished in a simple 
1 
manner. 
In the simplest case of a fixed value of impedance 
5 - ZeJ0 (A36) 
Y « _L_ . J L e-0Q (A37) 
% Z 
That is, when impedance is represented by a vector with, magni-trade Z a-fc an 
angle 9 above the reference axis, admittance is represented by a vector 
of magnitude l/Z at an angle © below the reference. This is known as 
inversion of the vector. 
With a variable vector of the form, 
Y - Yi + % (A38) 
where V^ and Y2 are constant vector quantities and k is a parameteri the 
locus of the end points of V are shown in Figure 24 as the line AB. 
Letting k take on all real values from minus to plus infinity, the 
inversion is: 
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ugh the origin when k equals infinity. The maximum value of 17 
rs when V i s a minimum; that is, when V is the perpendicular to 
line AB, V0. The center of the circle therefore lies on the 
rsion of yo,
 and the diameter is 1/V"0. 
Instead of using the inverted circle K, in some cases it is 
convenient to use its mirror image, IC . 
In like manner, the inversion of a circle through the origin 
ound to be a straight line, and of a displaced circle, another 
le. 
